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INTRODUCTION

We are dealing with geometric function theory ,
which is a branch of complex analysis (a branch
of mathematics which deals with those particular
functions that are defined in some region of the
complex plane). Geometric function theory deals
with univalent functions , multivalent functions
and analytic functions geometrically. Till now
many mathematicians have worked on it. This
was the result of their researches that in 19"
century , a theorem called Riemann Mapping
Theorem was proved by Koebe [12] , which was
the base of geometric function theory . From this
theorem , a conjecture arises that was given by

Class of analytic functions:-

This class is denoted by A, having functions of
the type f (2) =z + X2, a2/ and with the
normalization conditions f(0)=0, f'(0) =1.

Class of univalent functions :-

This class is denoted by S, having functions
of the type f(z) =z +X2, a; 2 and with the
normalization conditions f(0) =0, f'(0) =1.

Class of bounded analytic functions or
schwarzian functions :-

This class is defined by w(z)
=Yoo, ¢z following the conditions w(0) =0
and |w(z)| < 1. For this function , Miller et. al.
[14] gave the necessary and sufficient conditions
that are

lc1| <1, [c2| < 1-|caf?
Class of Starlike Functions :-

This class is denoted by S* . A function f e
A is said to be a Starlike function if it is in
starlike domain with respect to the origin. Its
necessary and sufficient condition given by
Duren [6] is

zf'(2) . . .
Re (—f(z) ) >0;z€E;E={ze(C:|z| <1}.
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Bieberbach [4] in 1916 and proved by Louis De
Branges [5] in 1985, which says that if f €S, then
the necessary condition for bounds of coefficients
of f is|a,| < nVn > 2.After the proof of this
conjecture , it became "Bieberbach Conjecture de
Branges theorem”. When the mathematicians
were tackling with this conjecture , then an
inequality arises in 1933 that is called Fekete
Szego inequality [7].

To prove our result , firstly we will discuss some
classes and some basic concepts which are as
follows :-

Class of analytic functions:-

Concept of subordination :-
This is our proposed approach , which is given
by Lindelof [13]. In order to understand this
concept , let us assume that we have two analytic
functions {g(z) and G(z) } and one bounded
analytic function f (z) in such a way that

[f(z)] <1,f(0)=0andg(z)
=G{f(2)};z €E
then g(z) is said to be subordinate to G(z) and
symbol for subordination is <.

Concept of quantum number and quantum
derivative :-

quantum number, |j|, = q]__ll 0<q<1,z#0,

—
jeN

quantum derivative, D, f (z) = @7 .

(@-Dz g
#0,2#0.
given by Jackson [9,10].

Concept of q — starlike functions of order ¥ and
a g — differential operator :-
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Sin(¥) - {rea
2D {M«'if(z)}) _ } .
Re ( WD >Y;zeE; ; Ye[01), q

€(0,1) and n € N.
Mgf(z)_:f(z) Mg f(2)=2D,f(2) =2
+ Zjiz |]|q aj 7/
Mgt () =
+ 257l & 2
given by Abdullah Alsoboh and Maslina Darus
[1].

2 D{MILf(2)} =

MAIN RESULTS

THEOREM-1:- Let f(2) € TAg,la, B, Y] and ¢(z) =

laz —pa3| <
( [2li-G@+pr+(B-a+alzly) 21} +aal21Z (1214 1))

Available online at http://www.ijart.info/

By using all the above defined terms , we prove
this inequality for the class TA, ,[a, B,Y] which
is defined as below

1-@+p)] 2+ p

zDg (MY f (2)}
( W@ )< ¢ @)

z Dg {MZI1 f (z)})
As ( Mg f(2) < ¢
Alsoboh and Maslina Darus [1].

Mq (Z)

(2) , given by Abdullah

W@ - w(z) is a Schwarzian function , then
1-w(z)

4u

(1-(a+B)+(B-a+al2ly) 1217} (1-(a+B)+(B-a+al3ly)I3I1}
al2|z* (1214 -1)

{1=(a+p)+(B-a+al2ly)2Y

2

al2|Z™(1214 -1)

[A—(a+p)+(p-a+taBly)BL} ’
[{1—(a+ﬁ)+(ﬁ—a+a|z|q)|z|{;}2+a|z|§,n(|z|q -1)]

<
W= o @ep+(B-araBly)B)

—(atp)+(B— a+a|3|q)|3|"}_ h=

{1-(a+p)+(B-a+al3ly)I317}

ap _ [2(1-(a+p)+(B-a+alzly) 213} +4ai213 (1214 -1)]

)

{(1-(a+B)+(B-a+al2lg)2l)

(1-(a+B)+(B-a+al2lg) 21} (1-(a+p)+(B-a+al3ly)I3(2}

[{1—(a+ﬁ)+(ﬁ—a+a|z|q)|z|g}2+a|2|5n(|2|q -1)]

The result is sharp.
PROOF :- By definition of TA,,[a,B,Y],

\ K= {1-(a+p)+(B-a+al3ly)1317}

[1-(a+p)) 2+ p=te

By putting all the values in (1.1), we get
1+ [1—(a+B)+ (B —a+al2l,)2I?] ayz

My f(z) zDg {MJ f (z)}) _ L+w(z)
( Mif (2) (1)

1-w(z2)

+{1 = (a+B)+ (B — a+al3l,)I1313} as — al212™(I2], — 1) a3 |23+ ...
=1+2cz2+2(cy +c?)z%+.

By comparing the coefficients , we get
2C1

[1-(a+B)+(B- a+a|2|q)|2|”]

a =

2C2

and

[2{1—(a+ﬁ)+(ﬁ—a+a|2|q)|z|g}2+4a|2|,§"(|2|q —1)].:;

as =

So, we get
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s 2¢, [2(1-(a+p)+(B-a+alzly) 213} +4al213"(121g —1)]c?
3THA {1-(a+p)+(B-a+alBlg)13l5} * (1-(a+B)+(B-a+al2ly)i21?) (1-(a+B)+(B-a+al3ly)I3I)
4c?

—H (1-(a+B)+(B-a+al2l)l212

Applying mode on both sides and using |c,| < 1 — |¢q|?, we get
2

_ 2 <
las —pazl < {1-(a+B)+(B-a+al3lq)I3I}
.\ [2(1-(a+p)+(B-a+alzlg) 21} +aal2iF (12lg -1)] 4 _
{(1-(a+B)+(B-a+al2lg)21?) (1-(a+B)+(B-a+al3lq)I3I1} {1-(a+B)+(B-a+al2lg)2t)

2 2
{1-(a+p)+(B-a+al3lq)I3I7) lea]™.

[(1-(a+p)+(B-a+al2lg)I2(F) +2al22™ (1214 —1)]
-1 - <
Case-1:- When p< =@t P+ (—ara3lg) BT

—ua?| < -
Then.jas = kaz | < o m i Graraniag)
. 4al2|3™(121q -1) — 2 | |2
(1-@+p)+(p-aral2l) 215} (1-(a+p+(B-a+al3l B} (1-(a+p+(B-aralzl gy )

al2|z™(1214 -1)
_ - <
Subcase —1 (2) - I W< g G aran B

Byusing |c;| <1,weget |az—pa3| <
[2(1-(a+p)+(B-a+alzlg) 2IE) +aai213"(121q -1)] ap
{(1-(a+B)+(B-a+al2ly)210) (1-(a+B)+(B-a+al3ly)31}  {1-(a+p)+(B-a+al2ly)l2(2}’

----- (1.2)
al2|3™(1214 -1)
_ - >
Subcase -1 (b) - If p = {1-(a+B)+(B-a+al3ly)I317}
— a2l < e I —
Then, |as —pa;| < {(1-(a+p)+(B-a+al3ly)1317} )
[(1-(a+p)+(B-a+al2lq)I21F) +2a122™(12]q -1)]
—2:- >
Case—2:- When p> 2(1-(a+p)+(f-a+al3ly) BIL]
—ua?l < 2
Then, |Cl3 ua; | < {1—(a+ﬁ)+(ﬁ—a+a|3|q)|3|3}
+ ap _ 4i-@+p)+(B-atal2lg)2lg) +al2iF"(121q -1)] CAR
(-(a+p) +(-a+al21) 2}’  (1-(a+p)+(B-a+al2ly)l213) (1-(a+p)+(B-atal3lg)3lE} | 1

[(1-(a+p)+(B-a+al2lq)l2iF) +al213" (12l 1))

— . >
Subcase -2 (a) :- If n= @A) (B-aral3l)30m]

By using |c;| <1, we get

|a — uas | < A ) 2[{1—(a+,8)+(,8—a+a|2|q)|2|3}2+2a|2|én(|2|q _1)]
3~ HaAz | = (1-(a+B)+(B-a+al2]y)217)’  (1-(a+p)+(B-a+al2ly)l2ll} (1-(a+B) +(B-a+al3ly)I31R}
-------- (1.4)

[(1-Ca+p)+(B-a+alzlq)i2E} +al2i2™(12lq -1)]

{1—(a+,8)+(,8—a+a|3|q)|3I"}}
— a2 2
3~ Hazl < {1-(a+B)+(B-a+al3lq)I3I2}
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Combining (1.2), (1.3), (1.4) and (1.5) we get the required result.
Extremal : For first and third equations, extremal is
f(2)=z[1+ az]"
2{1—(a+/3)+(/3—a+a|3|q)|3|g}—2[{1—(a+/3’)+(/5’—a+a|2|q)|2|3}2+2a|2|§,”(|2|q -1)]
{1—(a+/3’)+(/3’—a+a|2|q)|2|3}{1—(a+/§)+(/§—a+a|3|q)|3|3}
_ {1-(a+p)+(B-a+al3ly)I31%}
and n = > .
{1—(a+3)+(/3—a+a|3|q)|3|g}—[{1—(a+ﬁ)+(ﬁ—a+a|z|q)|z|g} +2a)212"(12lq —1)]

For second equation, extremal is

where a =

1

f(2) =2 [1 + 222)0-te+p+(p-aralg)alg]

COROLLARY-2:- TA;,[1,0,Y]=54,[Y]; as by substituting o = 1 and § = 0, the result becomes

2(1214-1)+4 4 _ (I121g-1)1213"
| BI2(3lg-1)(2l-1)  (2lg-D222" * = 1312(131g-1) ’
2n 2n+1
lag — paj | < { |3|n(|§| 1) ) ﬁl;lklaiﬁlilf) S U= (||23!Tn_(2:2|_ql) ~
q q q q q q
4u 2(|21g-1)+4 ) (I121g—1)[2/3"+*

k(IZIq—l)ZIZIE," 1315(131g—1)(12lg-1) ’ 1315 (1314—1)
which is the required result given by Abdullah Alsoboh and Maslina Darus [1].

COROLLARY-3:- TAgnla, B, Y] = TSg,la,Y]; as by substituting a + £ =1, the result becomes

lag — paj| <
/ 2{(1-20 + a[2]g)*+2a(121g -1)} 4u _ al21g™(12lg-1)
(1—2a+al3lp)(1-2a+ a 2|23  (A-2a+al2]? 215" '7 = (A-2a+al3|p)I3]F ’
) 2 ) al2|3™(121q 1) 1212{(1-2a + a |2]g)? +a(|2]g -1)} _
(1-2a+al3|p)3l§ " (1-2a+al3l3ly — © — (1-2a+al3|g)I31§ !
4u _ 2{a-2a+a2lg)?+2a(|2lg ~1)} 121ZM{(1-2a + a |2]) 2 +a(]2]g —1)}
\(1-2a + « [2]¢)? [2|2" (1-2a+al3|p)(1-2a + a [2|23]F "7 — (1-2a+al3|y)I317

which is same as the result proved by Gurmeet
Singh and Misha Rani [22].
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5
THEOREM-4:- Let f(2) € TAgnla, 5,7, 8] and ¢(2) = (1+W(z)) :W(2) isa Schwarzian function , then

1-w(2)

| as —uaj| <
( [26%{1-(a+p)+(B-a+al2lg)I2(E) +aal2(Z (1214 —1)] 462 _
(1-(a+B)+(B-a+al2l) 2 (1-(@+B)+(B-a+al3l)I3E})  {1-(a+B)+(f-a+al2ly)i2}
(62-8){1-(a+B)+(B—a+al2ly)2I7) + 2al212"(12]4 —1)
262{1-(a+p)+(B-a+al3lq)I317}
268 _
< {1—(a+/3)+(/3—a+a|3|q)|3|2} ’
(62—5){1—(a+[2)+([2—a+a|2|q)|2|}}}2+ 2a|2|2"(|2]4 -1) < < [(62+6){1—(a+ﬁ)+(ﬁ—a+a|2|q)|2|g}2+2a|2|§1"(|2|q —1)] '
282{1-(a+p)+(B—-a+al3ly)I315} =K"= 262{1-(a+p)+(B-a+al3lq)I317} ’
4u6? 2@ (raratzig)2if) Faxizi (21 -1)]
(1-(a+B)+(B-a+al2ly)l2Il)  {(1-(a+p)+(B-a+al2ly)l2} {1-(a+B)+(B-a+al3ly)131E}
- [62+8){1-(a+p)+(B-a+al2lg) 2IF) +2al2(Z"(12]q —1)]
L = 262{1-(a+p)+(B-a+al3lq)I317} )
The result is sharp.
PROOF :- By definition of TA,,[a,B,Y,d],
[1-(a+ R 2+ pHLD o ( D"ﬂjﬁ é””) = (13&21)5 ------- (4.1)
By putting all the values in (3.1), we get
1+ [1 —(a+p)+ (,8 —a+ aIZIQ)IZIZ] a,z
+{1—=(a+p)+ (B —a+al3l,)I31?} as — al22™(|2], —1) a3 |22+ ...
=1+26c;2+2(8c, +85%c?) z% + ...

By comparing the coefficients , we get
266'1

p_<

%2 = [P (B-aralzig)2l]] and
Qs = 28¢; [262{1—(a+ﬁ)+(ﬁ—a+a|2|q)|2|3}2+4°‘52|2|3n(|2|q _1)]C%
3T -G p)+(B-a+al3lg)Bl) T (1-(a+B)+(B-atal2ly)l2f) (1-(a+p)+(B-a+al3ly) 31}
So, we get
= 26¢, [282{1-(a+B)+(B-a+alzly)i2lg) +4as(213"(121q ~1)|cF
@37 M %2 = D @ap) +(p-aralBly) BT (1-(a+p)+(B-a+al2lg) 21} (1-(a+p)+(B-a+al3|g)I3l])
46%c?

—H (1-(a+p)+(f-a+al2lg)212 )
Applying mode on both sides and using |c,| < 1 — |c,|?, we get

—na?| < d
| as —paz| < {1-(a+p)+(B-a+al3ly)I1317}
+{

[26%{1-(a+p)+(B-a+al2lq)i2lE} +4as]212™(12]q ~1)] 252

(1=(a+p)+(B-a+al2lg) 2B} {1-(a+p)+(B-a+al3lq)3} K {(1-(a+B)+(B-a+al2]y)2I7) B

26 | |2
(-G (B-araBlB | 11
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[(1-(a+p)+(B-a+al2lg)2(F) +2al22™ (1214 -1)]
-1 -- <

Case-1:- When p< =@t D)+ (F=atal3lg) Bl

26

— 21 <
Then.las —naz | < G prte-aramion)
4| 202Dl (pasalaly)ilg) +alz15 (2l 1) _ o 7 leal®
{1-(a+B)+(B-a+al2lg)121F} (1-(a+B)+(B-a+al3lg)3l}  {1-(a+B)+(B-a+al2ly)l2l}}

(82-8){1-(a+B)+(B-a+al2ly) 27} + 2al212"(12]4 —1)
— - <
Subcase—1(a):- If p< 262(1=(a B+ (B-aral3l,)BIE)

Byusing |c;| <1,weget |az—pua3|<
[262{1—(a+/3)+(/3—a+a|2|q)|2|g}2+4a|2|§"(|2|q —1)] 4ps?
(1-(a+B)+(B-a+al2ly)2It) (1-(a+p)+(B-a+al3ly)3T}  {1-(a+p)+(B-a+al2ly)l2(R}’

----- (4.2)
(82-8){1-(a+B)+(B-a+al2lg) 213} + 2al213" (12l ~1)

— i- >
Subcase — 1 (b) :- If p=> 262{1—(a+p)+(B—a+al3|q)I3I7}

—ua?| < e
Then, |az —paz| < {1-(a+B)+(B-a+al3lq) 1317} @3

[{1—(a+[5’)+(ﬁ—“+“|2|q)|2|3}2+2a|2|én(|2|q _1)]
—2:- >

Case—2:- When p=> 2{1—(a+p)+(B-a+al3ly)I3[E}

Iy 28
Then, |a3 ua; | = {1_(a+ﬁ)+(ﬁ—a+a|3|q)|3|3}

+ 452 _2(8%+8){1-(a+p)+(B-a+al2ly) 213} +4al2(F(1214 -1) 1]

(1-(@+B+(B-a+al2l)2IT)  (1-(a+B)+(B-a+al2ly)l2t) (1-(@+B)+(B-atalslg)3} | 1
[(62+8){1—(0£+ﬁ)+(ﬂ—a+“|2|q)|2|g}2+2“|2|én(|2|q_1)]

— T- >
Subcase -2 (a) :- If u= 262{1-(a+p)+(B-a+al3lq)I3I7}
By using |c;| <1, we get
las — pa?| < 4us? 20 (1-(a+p)+(B-a+al2lg) 21§} +2al213" (121 ~1)]

3T R = Tt (Boaralzlg) 2l (1—(atf)+(B—atalzly) 2l (1—(at B+ (F-atal3ly)31)
........ (4.4)

(6% +8){1-(@+p)+(B-a+alzlg) 21F) +2al2[3"(121q —1)|
262{1—(a+p)+(B—a+al3lq) 317}

Subcase -2 (b) :- If p <

28

— e« s
Then, |a3 naz = {1—(a+,8)+(,8—a+a|3Iq)IBIS} (4'5)

Combining (4.2), (4.3), (4.4) and (4.5) we get the required result.
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Extremal : For first and third equations, extremal is
f(2)=z[1+ az]"
26%{1—(a+B)+(B—a+al3lq) 1315} -2[62{1-(a+B) +(B-a+al2lg) 213} +2al2i2™(12]q —1)]
8{1-(a+B)+(B-a+al2|q)l2(f{1-(a+B)+(B-a+al3|q)I3]F)}
262{1-(a+p)+(B-a+al3|q)I317}
262{1—(a+/3)+(/3—a+a|3|q)|3|3}—2[62{1—(a+/3)+(/3—a+a|2|q)|2|g}2+2a|2|§,”(|2|q -1)]

where a =

and n =

For second equation, extremal is

1

f(2) =2 [1+ 2872](-@rp+(p-aralsiq)isif]

COROLLARY-5:-TA,qla,B,Y,8] = TAyla, B,Y], as by putting § = 1, the result becomes

( [2li-(a+p)+(B-a+alzlg)2E) +aai213(121q -1)] ) 4 '
(1-(a+B)+(B-a+al2ly) 210} (1-(a+p)+(B-a+al3ly)31}  (1-(a+p)+(B-a+al2ly)l2n}
al2|z* (1214 -1)

= {1-(a+B)+(B-a+al3lq)I3I7}
2 .
X {1-(a+p)+(B-a+al3ly) 317} ’
| as —paz | <5 al2lz7 (12, -1) [(1-(a+B)+(B-a+al2l)i2lg} +al21Z™ (121 -1)]
@+ (Fataplem = " = =@+t (B-a+al3lg)31] ;
ap [2(1-(@+p)+(B-a+alzlg) 218} +4al2[3 (121q —1)]

(1—(@+p)+(B-a+al2l)2)  (1-(a+)+(f-a+alzly) 212} {1-(a+p)+(B-a+al3lq)3)
[(1-(a+p)+(B-a+al2lg)i2lz} +al212™ (1214 1))
\ = {1-(a+p)+(B-a+al3lq) 1317} '
which is same as TA, ,[a, 5,Y] .

COROLLARY-6:-T A;,[1,0,Y,1]=S7,[Y] , as by putting a =1, #=0and § = 1, the result becomes

2(2lg-D)+4 au _ (I12lg-1)I213"
1315(131g-1)(2lg-D)  (I2lg-D2215™ " 7 = 131§(1314-1) ’
2n 2n+1
oy —padls | ot G (et
q q q q q q
4u _ 2(|21g-1)+4 ) (I121g—1)[2|3™+?

(12lg-D21213"  1317(131g-1)(2lg-1) * 1315 (1314—1)

which is same as that of Sj, [Y] given by
Abdullah Alsoboh and Maslina Darus [1].
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COROLLARY-7:-T Agnla, B,Y, 8] = TSgnl[a, Y] , as by puttinga + f =1 and § = 1, the result

al2|g™(12lg-1)

T (1-2a+al3lp)I3[¢ ’

1215 (1-2a + a |2])?+a(|2]g -1)}

becomes
2
las —pas | <
e 2{(1-2a + «|2|p)%+2a(|2]q —1)} 4p
(1-2a+al3|p)(1-2a+ « 2|23l  (1-2a+a[2|g)? 215"’
) 2 _al2i3(12lg -1)
(1-2a+al3|y)13l7 ' (A1-2a+al3|p)Bly = 5 ~
4u _ 2{(1-2a + a [2|)?+2a(]2]q -1)} _

(1-2a+al3ly)I317

)

1212M{(1-2a + a 121 % +a(|2]q -1)}

\(1-2a + a [2]g)? 125"
which is same as the result proved by Gurmeet
Singh and Misha Rani [22].

(1-2a+al3|g)(1-2a + a [2|)?I3]F
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